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Simultaneously developing velocity and temperature fields in the slip-flow regime are investigated
numerically in trapezoidal microchannels with constant wall temperatures. A wide range of channel
aspect ratios (0.25 6 a 6 2) and side angles (30� 6 / 6 90�) are considered in the Reynolds number range
0.1 6 Re 6 10. A control-volume based numerical method is used to solve the Navier–Stokes and energy
equations with velocity-slip and temperature-jump at the walls. As characterized by the Knudsen num-
ber (Kn 6 0.1), the effects of rarefaction on the key flow features are examined in detail. Major reductions
in the friction and heat transfer coefficients are observed in the entrance region due to large amounts of
velocity-slip and temperature-jump. In the fully developed region, the friction coefficient decreases
strongly both with increasing Kn and aspect ratio but has a weaker dependence on the side angle. The
heat transfer coefficient also decreases strongly with increasing rarefaction and aspect ratio; however,
as the aspect ratio increases, its sensitivity to Kn decreases. Practical engineering correlations are also
provided for fully developed flow friction and heat transfer coefficients.

� 2008 Elsevier Ltd. All rights reserved.
1. Introduction

In recent years, advances in manufacturing technologies and
striking developments in micro-fluidic devices have renewed
interest in laminar flows through microchannels with irregular
cross-sections. Gas flow in a micron-size channel is associated with
some degree of non-continuum effect, which is characterized by
the Knudsen number, Kn, defined as the ratio of the mean-free-
path to the appropriate macroscopic flow scale. For the slip-flow
regime, which is commonly encountered in microchannel flows,
Kn is in the range 10�3

6 Kn 6 10�1 and slight rarefaction effects
occur adjacent to the walls. In order to account for these rarefac-
tion effects, slip/jump conditions are taken to exist across a thin
Knudsen layer, which extends approximately one mean-free-path
from the walls. Experimental observations indicate that beyond
this layer the continuum hypothesis is valid. Therefore, in the
slip-flow regime, it is common practice to use the standard Na-
vier–Stokes and energy equations with only the boundary condi-
tions modified for velocity-slip and temperature-jump at the walls.

For shorter channels, the entrance region is of much impor-
tance, where the velocity and temperature fields undergo major
transformations from essentially uniform inlet profiles to fully
developed profiles. In the entrance region, an analytical solution
of the problem is not feasible due to the non-linear inertia terms
in the momentum equations. However, the classical boundary-
ll rights reserved.
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layer approximations provide major simplifications and a number
of semi-analytical solutions have been obtained for laminar slip-
flow development in the entrance region of circular and parallel-
plate channels [1,2]. Clearly, boundary-layer approximations are
not suitable for microchannel flows, which are characterized by
very low Reynolds numbers.

Gas flows in microchannels have received considerable atten-
tion and have been experimentally, numerically and analytically
studied by many researchers (e.g. [3–9]). Most of the numerical
simulations and analytical solutions were performed in 2D with
simplifications in the governing equations. A survey of the avail-
able literature on low Mach number flows indicates rather limited
information on 3D flows in the slip-flow regime, such as in the en-
trance region of microchannels. Heat transfer in microchannels has
also been studied by a number of researchers mainly in the context
of fully developed slip-flows in simpler geometries, which have
been recently reviewed [10], and therefore, will not be repeated
here. Most of the previous studies as well as the present work con-
sider channels with constant wall temperatures; however, fully
developed flows in channels subjected to uniform wall heat fluxes
have also been studied (e.g., [11]).

In the literature, studies on thermally developing micro flows
are limited to the application of fully developed analytical velocity
profiles in the solution of the energy equation for circular tubes
and rectangular microchannels. Larrodé et al. [12] obtained an ana-
lytical solution for developing heat transfer in a constant wall tem-
perature circular tube, where a fully developed slip velocity profile
was employed. The temperature-jump condition was applied at
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Fig. 1. Channel geometry and the coordinate system.

Nomenclature

Ac cross-sectional area
2a top side of the channel (Fig. 1)
cp specific heat at constant pressure
Dh hydraulic diameter, 4Ac/Pwet

f friction coefficient, sw= qW2
i =2

� �
H channel height
h heat transfer coefficient
Kn Knudsen number, k/Dh

k thermal conductivity
Nu Nusselt number, hDh/k
Pwet wetted perimeter
Pe Peclet number, RePr
Po Poiseuille number, fRe
Pr Prandtl number, cpl/k
p pressure
Re Reynolds number, qWiDh/l
T temperature
u, v, w velocity components in the x, y, z-directions
~V velocity vector
Wi uniform axial inlet velocity

z+ nondimensional axial position, z/(DhRe)
z* reciprocal Graetz number, z/(DhRePr)

Greek symbols
a aspect ratio, H/(2a)
c specific heat ratio, cp/cv

k molecular mean-free-path
l dynamic viscosity
q density
sw wall shear stress
/ acute side-angle (Fig. 1)

Subscripts
fd fully developed
i inlet
m mean
S slip condition
w wall
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the wall in the slip-flow regime. Yu and Ameel [13,14] presented
an analytical treatment of the slip-flow problem for rectangular
microchannels. Developing and fully developed Nusselt numbers
were obtained for hydrodynamically fully developed slip-flow.
Note that, in these studies, the effects of axial heat conduction,
which becomes important for low Reynolds number conditions,
were neglected. Similarly, Lee and Garimella [15] solved the energy
equation with a specified velocity profile to study heat transfer in
the entrance region of rectangular microchannels subject to uni-
form wall temperature and uniform wall heat flux boundary condi-
tions. Axial conduction was assumed negligible; moreover, the slip
effect was also neglected in the prescribed fully developed velocity
profile. Local and average Nusselt numbers were presented for a
wide rage of aspect ratios.

Zhen et al. [16] performed a direct Monte Carlo simulation for
heat transfer calculations of low speed short microchannel flows.
Straight rectangular channels with various aspect ratios were con-
sidered. It was concluded that the 2D simplification for a 3D rect-
angular microchannel flow seems to be reasonable only for aspect
ratios smaller than 0.2. Hong and Asako [17] studied the heat
transfer characteristics of two dimensional compressible gaseous
flows in microchannels and microtubes. Constant wall tempera-
ture was considered and a correlation for the prediction of the heat
transfer rates was proposed. Important issues associated with
microchannel heat transfer were reviewed by Hetsroni et al. [18]
including viscous dissipation and axial heat conduction in the fluid
as well as channel walls under constant heat flux condition.
Maranzana et al. [19] have also investigated the effect of axial con-
duction in the wall on the heat transfer in microchannels. An axial
conduction number defined as the ratio of conductive to convec-
tive heat flux was introduced and conditions under which axial
conduction is considerable were identified.

Renksizbulut et al. [10] conducted a numerical study of simul-
taneously developing slip-flow and heat transfer in rectangular
microchannels for a wide range of aspect ratios and Knudsen num-
bers. It was found that the heat transfer and friction coefficients are
finite at the channel inlet and greatly reduced in the entrance re-
gion due to velocity-slip and temperature-jump at the walls.
Poiseuille and Nusselt number correlations were also provided
for fully developed friction and heat transfer coefficients, including
the effects of axial heat conduction.
The above literature survey indicates a state of incomplete
information for simultaneously developing slip-flow and heat
transfer in trapezoidal microchannels. In the present work, a wide
range of channel aspect ratios (0.25 6 a 6 2) and acute side angles
(/ = 30�,45�,60�,90�) are considered for Kn 6 0.1 in the range
0.1 6 Re 6 10 with Pr = 1. Three-dimensional Navier–Stokes and
energy equations with velocity-slip and temperature-jump bound-
ary conditions have been solved numerically by a control-volume
method. In particular, the entrance region has been fully investi-
gated, where the major fractions of pressure drop and heat transfer
occur in shorter channels that are frequently encountered in mod-
ern compact heat exchangers as well as in various types of micro-
fluidic devices found in MEMS.

2. Formulation

Fig. 1 shows the basic geometric variables that describe a trap-
ezoidal channel along with the adopted coordinate system. The top
wall of the channel (2a) is held constant and the channel height (H)
is calculated from the specified aspect ratio defined as a = H/(2a).
Thus, a unique cross-section is obtained for a given a and acute side
angle /. The channel length is set to a value larger than the esti-
mated hydrodynamic entrance length of the flow to ensure that
fully developed conditions are achieved at the exit. Since the en-
trance length is a function of Re, Kn and geometry, the channel
length has been adjusted according to the case under
consideration.
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The governing equations of mass, momentum and energy con-
servation for the constant-property laminar flows under study are:

~r � ~V ¼ 0 ð1Þ

q
D~V
Dt
¼ �rpþ lr2~V ð2Þ

qcp
DT
Dt
¼ kr2T ð3Þ

Body forces and viscous dissipation are ignored in the present
work. Inflow boundary conditions correspond to a uniform inlet
temperature T = Ti and a flat velocity profile such that u = v = 0
and w = Wi. For outflow, zero-gradients along the axial flow direc-
tion are applied to all variables: of/oz = 0, where f = u,v,w,T. The
pressure is set to zero at the outlet, while zero gradients are as-
signed to all other boundaries including the inlet considering the
fact that the inlet velocity is specified. At the symmetry plane
(y = 0), the normal velocity component as well as the normal gra-
dients of all other flow variables are set equal to zero, indicating
no advection or diffusion across this plane. The temperature of
the channel walls Tw is specified to be axially and peripherally uni-
form and higher than the inlet stream temperature Ti. Furthermore,
the flow satisfies the velocity-slip and temperature-jump condi-
tions at the walls. The first order velocity-slip condition for an ideal
gas is given by [20]:

ws �ww ¼ k
2� rv

rv

� �
ow
on

� �
w

ð4Þ

Other velocity components are specified similarly. Here, the
subscript w identifies a wall with a normal coordinate n. Likewise,
the first order temperature-jump condition at the wall is:

Ts � Tw ¼
2� rT

rT

� �
2c

cþ 1

� �
k
Pr

� �
oT
on

� �
w

ð5Þ

The parameters rv and rT in Eqs. (4) and (5) are the tangential-
momentum and energy accommodation coefficients, respectively,
which are taken as unity in the present study. A specific heat ratio
of c = 1.4 is used in all computations.

The Reynolds number, Re = qWiDh/l, is based on the uniform in-
let velocity and the hydraulic diameter Dh. The density is constant,
and therefore, the mean axial velocity Wm is equal to the uniform
inlet velocity Wi everywhere in the channel. The Knudsen number
is based on the hydraulic diameter and defined as Kn = k/Dh. The
Prandtl number is set equal to 1, while the Reynolds number is
specified in the range 0.1 6 Re 6 10. It is well known that gas com-
pressibility effects can be neglected only at relatively low Mach
numbers, Ma. From the definitions of Re, Kn and Ma, it follows that:

Re ¼ Ma
Kn

ffiffiffiffiffi
pc
2

r
ð6Þ

Hence, except for Knudsen numbers in the upper end of the
slip-flow regime, gas flows in microchannels can be considered
incompressible for a wide range of Reynolds numbers.

3. The numerical method and validation

The governing equations are integrated over the corresponding
control volumes upon transformation into a generalized non-
orthogonal coordinate system. The principle of the numerical
method is based upon the calculation of the velocity field from
momentum equations using an existing or approximate pressure
field. This velocity field does not necessarily satisfy the mass con-
servation equation, and thus a velocity correction is introduced. A
velocity potential is assigned to the velocity correction according
to the Hodge decomposition theorem, which states that any vector
function can be decomposed into a divergence-free component and
the gradient of a scalar potential. This is consistent with the fact
that an intermediate velocity field obtained form the momentum
equations using an existing pressure field carries the exact vortic-
ity information, and therefore, the velocity correction comes from
an irrotational field that can be described with a velocity potential.
The continuity equation is then transformed into a Poisson equa-
tion for the velocity potential, which is solved with a matrix-free
and pre-conditioned version of GMRES (Wigton et al. [21]). This
method is capable of enhancing the convergence rate of the Pois-
son solver as compared to the traditional successive-over-relaxa-
tion solvers. Finally, the pressure correction is directly related to
the velocity correction through the momentum equations. This
numerical scheme was originally developed by Chorin [22], and
improved further by Dwyer [23] and the present authors [24] for
internal flows.

A systematic refinement study was performed to determine the
appropriate spatial discretization for grid independent numerical
results. The grid points are clustered near the channel walls and
in the entrance region where large gradients exist. The quantities
examined for the grid independence study were the key flow
parameters and it was found that a mesh size of 50 � 50 provides
satisfactory cross-sectional resolution. Also, the effect of axial grid
resolution on the numerical results indicated variations of less
than one percent in all monitored parameters for a mesh size con-
taining more than 150 grid points in the axial direction. Therefore,
a minimum mesh size of 50 � 50 � 150 was used with grid expan-
sion ratios of about 1.07 and 1.06 in the x- and z-directions, respec-
tively. However in the y-direction, a variable expansion factor has
been used for each specified side angle / in order to cluster the grid
points into the acute corner region. Extensive numerical validation
studies have been conducted for flows in pipes, rectangular and
trapezoidal ducts, and between parallel plates, which can be found
in Renksizbulut et al. [10,24], and therefore, will not be repeated
here. Pressure distributions, velocity profiles, friction factors and
heat transfer coefficients were all compared with available exper-
imental and analytical results from the literature.

4. Results and discussion

4.1. The flow field

In incompressible flow through a channel (with or without slip),
non-axial velocity components are zero and pressure is uniform
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over a given cross-section only in the fully developed region. In the
entrance region, the flow is three dimensional with non-uniform
pressure fields at each location. Cross-sectional pressure distribu-
tions at two axial planes close to the inlet are shown in Fig. 2. The
flow is at Re = 10 in a trapezoidal channel with a side angle of /
= 45� and an aspect ratio of a = 1. The nondimensional axial length
is defined as z+ = z/(DhRe), and qW2

i =2 is used to normalize pressure.
In each cross-section, the dashed lines refer to no-slip conditions,
while the slip-flow case at Kn = 0.1 is indicated by solid lines. In
the former case, due to complete fluid stagnation at the walls, the
maximum pressures are found near the walls and particularly in
the corner regions. In the latter case, velocity-slip leads to signifi-
cant reductions in the pressure gradients at the same location as
clearly seen in Fig. 2a. Farther down stream from the inlet in
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Fig. 3. Velocity profiles in a trapezoidal channel with / = 45�, and a = 1 at Re = 10
for Kn = 0: (a) z+ = 0.00179, (b) z+ = 0.01375 and (c) z+ = 0.40551.
Fig. 2b, similar pressure variations are also present, however to a
lower extent. These high pressures near the walls and specifically
in the corner regions direct the fluid towards the channel core as
well as in the axial direction, which lead to the development of
velocity overshoots near the walls and in the acute corners. This
is clearly seen in Fig. 3, which shows the corresponding three
dimensional velocity profiles. The axial locations (a) z+ = 0.00179
and (b) z+ = 0.01375 are in the developing flow region, while the
flow is fully developed at (c) z+ = 0.4055 where the pressure is uni-
form over the cross-section and the flow attains its maximum
velocity in the channel core. The cross-sectional maximum velocity
and its location in the fully developed region compare well with
available data [25] for all cases considered here.

Allowing for slip at the walls reduces the amount of cross-sec-
tional and axial pressure gradients, and as a result, the velocity
overshoots largely vanish as seen in Fig. 4. This figure shows the
velocity profiles for Kn = 0.1 at the same axial locations as in
Fig. 3. The prescribed uniform inlet velocity profile is only slightly
affected at the first axial location (Fig. 4a) due to very large veloc-
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for Kn = 0.1: (a) z+ = 0.00179, (b) z+ = 0.01375 and (c) z+ = 0.40551.
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ity-slip near the entrance. High velocity-slip is directly related to
both the high Knudsen number and the large normal velocity gra-
dients in this region. Yet, slight velocity overshoots can still be ob-
served in the axial location z+ = 0.01375 in Fig. 4b corresponding to
higher pressure gradients in the corner region (see Fig. 2b).

In general, corners are regions of low velocity-slip due to weak-
er velocity gradients. The amount of velocity-slip at a given Kn de-
creases as the flow approaches a fully developed state. This is
illustrated in Fig. 5 where the axial variation of peripherally aver-
aged slip velocity is plotted for several Knudsen numbers for a
channel with / = 45� and a = 1 at Re = 1. The constant values of
velocity-slip in the fully developed region also serve as a good indi-
cator of the entrance length. Interestingly, this figure shows that
the entrance length is only marginally influenced by increasing
Knudsen number, which may appear counterintuitive. In slip-flow,
momentum diffusion towards the channel core is slower due to
weaker transverse velocity gradients, which would normally lead
to longer entrance lengths with increasing Kn. However, as com-
pared to a no-slip flow, the final fully developed velocity profile
in slip-flow is relatively flatter, and therefore, closer to the inlet
profile, hence requiring less axial distance to develop. These oppos-
ing effects largely cancel each other, making the entrance length a
very weak function of Kn. Channels with other aspect ratios and
side angles display similar behavior.

In Fig. 6, the axial variation of the friction coefficient or the
Poiseuille number (fappRe) is shown as a function of Knudsen num-
ber for a trapezoidal channel with / = 45� and a = 1 at Re = 1. The
nondimensional pressure drop along the channel expressed in
the form of an apparent Fanning friction factor is defined as [25]:

D�p

qW2
i =2
¼ 4z

Dh
fapp ¼ 4zþfappRe ð7Þ

where �p is the local average pressure and D�p ¼ pi � �p represents the
pressure drop from the channel inlet. There are two contributions to
pressure drop in the flow development region: the wall shear and
the change in momentum flow rate. The change in momentum flow
rate is due to the evolution of the velocity profile from a flat inlet
profile to a fully developed profile along the channel. When the
no-slip boundary condition is applied, a major part of the pressure
drop in the entrance region is basically used up for velocity profile
development. In slip-flow, both contributors to the pressure drop
are greatly influenced. The amount of pressure drop required for
velocity profile development decreases significantly. Similarly,
z/(DhRe)
10-3 10-2 10-1 100

0

0.2

0.4

0.6

0.8

1

1.2

0.025
0.05
0.1

Re = 1, α = 1, φ = 45

Kn

⎯ w
s
/W

i

Fig. 5. Axial variation of velocity-slip as a function of Kn in a trapezoidal channel
with / = 45� and a = 1 at Re = 1.
much less pressure drop occurs due to lower wall shear as com-
pared to no-slip conditions. Fig. 6 clearly shows that even small
amounts of velocity-slip results in a very large reduction in the fric-
tion coefficient in the entrance region. Fig. 6 also indicates the exis-
tence of finite asymptotic values for the friction coefficient at the
channel inlet. This is in contrast to no-slip flows, where z+ = 0 is
mathematically a plane of infinitely large wall shear. The observed
asymptotic values of the friction coefficient as z+ ? 0 can be esti-
mated simply by combining Eq. (4) with the definition of the fric-
tion coefficient sw=ðqW2

i =2Þ to obtain [10]:

fRe! ð2=KnÞðrv=ð2� rvÞÞ ð8Þ

(note that there is a typographical error in [10]). In arriving at this
equation, it has been assumed that ws ffiWi in the immediate vicin-
ity of the entrance. As shown in Fig. 5, this is a realistic assumption
for Kn ? 0.1. Interestingly, this asymptotic limit is universal and is
valid for any geometry because it is evaluated at a location where
fluid is about to enter the channel, and therefore, there is no recog-
nition of the geometry yet. Present numerical results, which include
effects due to momentum flow rate changes, agree reasonably well
with the estimated asymptotic values at higher Knudsen numbers
as z+ ? 0.

Geometric effects on the friction coefficient are studied by var-
iation of aspect ratios and side angles in Fig. 7 for channel flows at
Re = 1. Fig. 7a shows the fully developed values of the friction fac-
tor as a function of Kn for channels with different aspect ratios and
a fixed side angle of / = 45�. For Kn = 0, the values of fRe compare
well with the results of Shah and London [25] at all aspect ratios.
As expected, fRe decreases monotonically with increasing Kn,
which is about 45% of the no-slip case at Kn = 0.1 for an aspect ratio
of a = 2, while this value increases to about 50% of the no-slip case
for an aspect ratio of a = 0.25 at the same Kn. Similar behavior is
observed for other side angles as well.

Fully developed values of the friction factor as a function of Kn
for channels with different side angles and a fixed aspect ratio of
a = 1 are shown in Fig. 7b for Re = 1. Again the no-slip values of
the friction coefficient compare well with the results of Shah and
London [25] at all side angles. Furthermore, there is a comparison
in this figure with the results of Morini et al. [9], who have per-
formed an analysis of fully developed flows for a wide range of as-
pect ratios and Knudsen numbers. However, only a single side
angle of / = 54.74� (corresponding to microchannels fabricated
by etching a silicon substrate) was considered. Fig. 7b shows that
the friction coefficients decrease dramatically with increasing Kn
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for all side angles to about 55% of their no-slip values at Kn = 0.1.
Fig. 7b also shows that the friction coefficients decrease slightly
as the side angle is reduced such that a trapezoidal channel with
/ = 30� has about 8% lower fRe than a square duct. The trends in
this figure are consistent with the fact that velocity gradients be-
come increasingly weaker in the corner regions with decreasing
side angle. Finally, a comparison of Fig. 7a with Fig. 7b indicates
clearly that the friction coefficient has a much stronger sensitivity
to aspect ratio than side angle for trapezoidal microchannels.

4.2. The temperature field

The temperature fields in both the entrance and fully developed
regions are strongly affected by both velocity-slip and tempera-
ture-jump at the walls, which create opposing effects on heat
transfer. Velocity-slip by itself is expected to increase heat transfer
rates since it enhances advection near the walls. On the other hand,
heat transfer rates are adversely influenced by temperature-jump
at the wall, which produces a thermal contact resistance effect.
Fig. 8 shows the isotherms at Re = 10 in a trapezoidal microchannel
with / = 45� and a = 1 at the same three axial locations as in Fig. 3.
In this figure, the solid lines are for the case of Kn = 0.1 while the
dashed lines refer to no-slip/jump conditions with Kn = 0. Allowing
for temperature-jump causes the fluid temperature adjacent to the
wall to vary peripherally as seen in Fig. 8b, and with more clarity in
the fully developed region in Fig. 8c. As expected, temperature-
jump at the wall reduces the heat transfer rates, and thus, leads
to lower fluid temperatures at the same axial location along the
channel.

It is also useful to study the peripherally averaged temperature-
jump along the channel, which is shown in Fig. 9 for a channel with
/ = 45� and a = 1 at Re = 1. Similar to velocity-slip, temperature-
jump is also very large near the channel inlet, which increases with
Kn. Farther downstream, temperature-jump approaches zero for all
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Fig. 11. Axial variation of Nusselt number as a function of Kn in a trapezoidal
channel with / = 30� and a = 1 at Re = 10.
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Knudsen numbers as the fluid temperature reaches the wall tem-
perature, and hence, all temperature gradients vanish.

The variations in the heat transfer coefficient along the main
flow direction for a channel with / = 45� and a = 1 at several Knud-
sen numbers are shown in Fig. 10 for Re = 1. The peripherally-aver-
aged heat transfer coefficient or the Nusselt number is defined as:

Nu ¼ hDh

k
¼ DhðoT=onÞw

Tm � Tw
ð9Þ

where ð@T=onÞw is the peripherally-averaged temperature gradient
normal to the wall at a given axial location, and Tm is the bulk mean
temperature defined as:

Tm ¼
1

AcW i

Z
Ac

T~V �~ndAc ð10Þ

In the present work, Pr = 1 in all cases considered, and therefore,
the nondimensional axial position z* = z/(DhRePr) or the reciprocal
Graetz number is the same as z+.

As mentioned before, velocity-slip by itself would increase heat
transfer; however, the reduction due to temperature-jump out-
weighs this increase such that the net effect is a decrease in the
heat transfer rate. As shown in Fig. 10, the reduction is very large
early in the entrance region, which is consistent with the earlier
observations associated with Fig. 9. Fig. 10 also indicates the exis-
tence of finite asymptotic values for Nu as z+ ? 0 for slip-flows,
which can be easily estimated by inserting the temperature-jump
condition (Eq. 5) into the definition of Nusselt number (Eq. 9),
resulting in:

Nu! 2� rTð Þ=rTð Þ 2c= cþ 1ð Þð Þ Kn=Prð Þ½ ��1 ð11Þ

In arriving at this equation, it has been assumed that Tm ffi Ts in
the immediate vicinity of the entrance, which is a realistic assump-
tion for larger Kn. Similar to the Poiseuille number asymptote dis-
cussed earlier, the Nu asymptote is also independent of Re and
geometry since it is evaluated at a position where the flow has
no recognition of the geometry, and therefore, of the Reynolds
number. This can be clearly seen by comparing Figs. 10, 11 where
the axial variations of Nu are shown for a channel with / = 30� and
a = 1 at the same Knudsen numbers but for Re = 10. Although
geometry and Re have changed, the inlet values are identical and
compare well with the corresponding estimates from Eq. (11). As
expected, the accuracy of the asymptotic predictions using this
equation deteriorates as Kn ? 0.
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Fig. 10. Axial variation of Nusselt number as a function of Kn in a trapezoidal
channel with / = 45� and a = 1 at Re = 1.
Despite the dramatic reduction in heat transfer rates that occur
with any level of rarefaction effects, the values of Nu in the en-
trance region are still much larger than those in the fully developed
region. This highlights the importance of the entrance region in
determining the heat transfer characteristics of short microchan-
nels found in some micro devices. Due to the existence of large ax-
ial gradients close to the inlet, the effects of Re cannot be ignored.
This is especially true at low Reynolds numbers typical of micro
flows.

The effects of channel geometry on the heat transfer rates are
studied by varying side angles and aspect ratios at Re = 1 in
Fig. 12. Fig. 12a shows the variations of the fully developed heat
transfer coefficients as a function of Kn for different aspect ratios,
while the side angle is held constant at / = 45�. It is observed that,
as the aspect ratio decreases and the trapezoidal cross-section ap-
proaches the parallel-plates limit, the heat transfer rates increase.
For larger aspect ratios, the cross-section tends towards a triangu-
lar one with lower Nu. Fig. 12a also indicates a stronger Nu depen-
dence on the Kn as the aspect ratio decrease. For example, there is a
30% decrease in Nu at Kn = 0.1 for a = 0.25 as compared to the no-
slip case, while the reduction is about 15% for a = 2. This effect can
be explained considering the fact that as the aspect ratio decreases,
the corner regions lose their influence, and therefore, the slip/jump
effects become more uniform peripherally. On the other hand, at
high aspect ratios, there is a strong non-uniformity around the
channel periphery with the corner regions behaving closer to the
no-slip/jump conditions, and therefore, the overall sensitivity to
rarefaction is weaker. These observations are consistent with ear-
lier findings [10] that flow in a square channel shows less sensitiv-
ity to rarefaction effects than flow between parallel plates.

Variations of fully developed Nu as a function of Kn and side an-
gle are shown in Fig. 12b for a fixed aspect ratio of a = 1. This figure
confirms a monotonic reduction in Nu with increasing Kn for all
side angles. The heat transfer rates are also found to decrease sig-
nificantly with decreasing side angle, such that at / = 30� and a = 1,
the Nusselt numbers are lower by about 25% for all Kn as compared
to a square duct. This can be explained by the fact that, for a fixed
aspect ratio, the region of weak advection in the acute corners ex-
pands as / decreases, resulting in a reduction of the overall heat
transfer rate for that cross-section.

For convenience and future comparisons, the fully developed
values of the friction and heat transfer coefficients as a function
of Knudsen number are presented in Table 1 for different Reynolds
numbers, side angles and aspect ratios.
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Table 1
Poiseuille (fRe) and Nusselt (Nu) numbers for fully developed flow in trapezoidal
channels

Re = 0.1

Kn a = 1, / = 30� a = 1, / = 45� a = 1, / = 60� a = 1, / = 90�

(fRe)fd (Nu)fd (fRe)fd (Nu)fd (fRe)fd (Nu)fd (fRe)fd (Nu)fd

0.000 13.35 2.64 13.88 2.91 14.09 3.22 14.33 3.45
0.025 10.98 2.59 11.51 2.88 11.81 3.18 11.95 3.41
0.050 9.55 2.54 9.75 2.79 10.15 3.03 10.26 3.34
0.100 7.38 2.37 7.59 2.63 7.89 2.75 8.07 3.18

Re = 1

Kn a = 0.25, / = 45� a = 0.25, / = 60� a = 0.5, / = 45� a = 0.5, / = 60�

(fRe)fd (Nu)fd (fRe)fd (Nu)fd (fRe)fd (Nu)fd (fRe)fd (Nu)fd

0.000 17.24 4.38 18.03 4.67 15.18 3.30 15.65 3.67
0.025 13.88 4.03 14.40 4.36 12.42 3.22 12.80 3.48
0.050 11.62 3.66 12.03 3.99 10.53 3.02 10.85 3.25
0.100 8.82 3.06 9.07 3.22 8.09 2.59 8.34 2.80

Kn a = 0.5, / = 90� a = 1, / = 30� a = 1, / = 45� a = 1, / = 60�

(fRe)fd (Nu)fd (fRe)fd (Nu)fd (fRe)fd (Nu)fd (fRe)fd (Nu)fd

0.000 15.50 3.69 13.35 2.53 13.88 2.88 14.09 3.14
0.025 12.75 3.58 10.98 2.44 11.51 2.79 11.81 3.06
0.050 10.86 3.44 9.55 2.37 9.75 2.67 10.15 2.92
0.100 8.41 3.19 7.38 2.10 7.59 2.38 7.89 2.60

Kn a = 1, / = 90� a = 2, / = 45� a = 2, / = 60�

(fRe)fd (Nu)fd (fRe)fd (Nu)fd (fRe)fd (Nu)fd

0.000 14.33 3.32 13.51 2.70 13.97 3.03
0.025 11.95 3.27 10.95 2.65 11.65 2.97
0.050 10.26 3.20 9.65 2.55 9.99 2.84
0.100 8.07 2.75 7.54 2.31 7.82 2.56

Re = 10

Kn a = 0.5, / = 60� a = 0.5, / = 90� a = 1, / = 30� a = 1, / = 45�

(fRe)fd (Nu)fd (fRe)fd (Nu)fd (fRe)fd (Nu)fd (fRe)fd (Nu)fd

0.000 15.65 3.36 15.50 3.43 13.35 2.23 13.88 2.60
0.025 12.80 3.19 12.75 3.28 10.98 2.18 11.51 2.55
0.050 10.85 3.00 10.86 3.11 9.55 2.11 9.75 2.40
0.100 8.34 2.62 8.41 2.81 7.38 1.87 7.59 2.20

Kn a = 1, / = 60� a = 1, / = 90� a = 2, / = 60�

(fRe)fd (Nu)fd (fRe)fd (Nu)fd (fRe)fd (Nu)fd

0.000 14.09 2.83 14.33 3.05 13.97 2.77
0.025 11.81 2.82 11.95 2.98 11.65 2.72
0.050 10.15 2.68 10.26 2.88 9.99 2.61
0.100 7.89 2.42 8.07 2.67 7.82 2.38
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5. Correlations

Friction factor and Nusselt number correlations previously
developed by Renksizbulut and Niazmand [24] for no-slip-flows
in rectangular and trapezoidal channels were further modified
[10] for rarefaction effects as given below:

fReð Þfd¼ 13:9 90�=/ð Þ�0:07þ10:4exp �3:25a 90�=/ð Þ0:23
� �h i

G1 ð12-aÞ

G1¼1�2:48Kn0:64 1�0:2tanh 3að Þð Þ ð12-bÞ

Nuð Þfd ¼ 2:87 90�=/ð Þ�0:26 þ 4:8 exp �3:9a 90�=/ð Þ0:21
� �h i

G2G3

ð13-aÞ
G2 ¼ 1� 1:75Kn0:64 1� 0:72 tanh 2að Þð Þ ð13-bÞ
G3 ¼ 1þ 0:075 1þ að Þ exp �0:45RePrð Þ ð13-cÞ

The rarefaction effects are introduced into the friction coeffi-
cients of rectangular and trapezoidal channels by the term G1 given
in Eq. (12-a). In the absence of any rarefaction effect, G1 = 1 and Eq.
(12-b) predicts the available data for a wide range of aspect ratios
with a high level of accuracy (within 3%) [24]. When rarefaction ef-
fects are considered, Eq. (12) predicts the data for rectangular
microchannels within 5% and trapezoidal microchannels within
6% as shown in Fig. 13. In this figure, the numerical results of
Morini et al. [9] for slip-flow in rectangular and trapezoidal (/
= 54.74�) microchannels with different aspect ratios are also
included.

Eq. (13) predicts the present numerical heat transfer coeffi-
cients for all aspect ratios and side angles studied here within
10% as shown in Fig. 14. The rarefaction effects are introduced by
G2, while G3 represents the Reynolds number dependence which
is more pronounced at low Pe where axial conduction in the fluid
cannot be ignored. Pahor and Strnad [26] studied the relative
importance of axial conduction for flow between parallel plates
and found a contribution of about 10% increase in heat transfer
rates in the limit of vanishing Pe. Clearly, gas flows in microchan-
nels are typically low Peclet number flows, and this correction is
important. Considerable data is provided in [10] for rectangular
microchannels with a wide range of aspect ratios, which are also
predicted by Eq. (13) within 7% and plotted in Fig. 14.
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It is also important to note that the friction and heat transfer
coefficients for trapezoidal channels are quite sensitive to certain
side angles at higher aspect ratios. Results by Shah and London
[25] show that both coefficients undergo significant non-mono-
tonic variations in the side angle range 75� 6 / 6 85� if a > 2, in
which case the correlations given above lose their accuracy.
6. Conclusions

A control-volume based numerical method has been employed
to examine gas rarefaction effects in simultaneously developing 3D
laminar flows in trapezoidal microchannels with constant wall
temperatures and Re in the range 0.1 6 Re 6 10 with Pr = 1 for
Kn 6 0.1. The flow and heat transfer characteristics in the slip-flow
regime were analyzed for different channel aspect ratios
(0.25 6 a 6 2) and side angles (/ = 30�,45�,60�,90�). An important
feature of flow development from a prescribed uniform inlet veloc-
ity profile is the emergence of velocity over-shoots such that max-
imum axial velocities appear near the walls and especially at the
corners regions as opposed to the channel core. This effect is more
pronounced in the continuum regime (Kn < 0.001) with the no-slip
boundary condition; yet still present to a lower extent even at
higher Knudsen numbers.

In the slip-flow regime, the momentum and heat transfer rates
are very significantly reduced in the entrance region due to high
levels of velocity-slip and temperature-jump at the walls. An inter-
esting feature associated with the slip-flow regime is the existence
of asymptotic inlet values for both the Poiseuille and Nusselt num-
bers. These asymptotic values are directly related to the Knudsen
number, but independent of the channel geometry and Reynolds
number.

In the fully developed region, the momentum and heat transfer
rates are again significantly affected by the degree of rarefaction,
aspect ratio and side angle. Both the friction and heat coefficients
monotonically decrease with increasing Kn and aspect ratio, and
decreasing side angles. The friction coefficient shows the strongest
dependence on rarefaction effects and weakest dependence on the
channel side angle. The heat transfer coefficient shows less sensi-
tivity to rarefaction effects with increasing channel aspect ratio.
Practical engineering correlations are also provided for Poiseuille
and Nusselt numbers associated with rectangular and trapezoidal
microchannels.
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